Abstract. The present paper uses the Galerkin Finite Element Method to numerically study the triple diffusive boundary layer flow of homogenous nanofluid over power-law stretching sheet with the effect of external magnetic field. The fluid is composed of nanoparticles along with dissolved solutal particles in the base fluid. The chief mechanisms responsible for enhancement of convective transport phenomenon in nanofluids -Brownian Motion, Diffusiophoresis and Thermophoresis have been considered. The simulations performed in this study are based on the boundary layer approach. Recently proposed heat flux and nanoparticle mass flux boundary conditions have been imposed. Heat transfer, solutal mass transfer and nanoparticle mass transfer are investigated for different values of controlling parameters i.e. Brownian-motion parameter, Thermophoresis parameter, magnetic influence parameter and stretching parameter. Multiple regression analysis has been performed to verify the relationship among transfer rate parameters and controlling parameters. The present study finds application in insulation of wires, manufacture of tetra packs, production of glass fibres, fabrication of various polymer and plastic products, rubber sheets etc. where the quality merit of desired product depends on the rate of stretching, external magnetic field and composition of materials used.
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Introduction
The analysis of heat and mass transfer along boundary layer helps in better designing of devices involving ultra high cooling applications. Water, toulene, ethylene glycol, or oil are the most commonly used fluids for heat transfer. The characteristic drawback of inherently poor thermal conductivity renders them inefficient for the choice of competent heat transfer fluids. It has been observed that addition of metallic solid particles helps in enhancing the thermal conductivity. The suspension of micro sized particles in fluid comes with a disadvantage of clogging, abrasion and sedimentation. Choi and Eastman [7] observed that nanometre sized particles with increased surface area per unit volume provide a better alternative to micro size particles and concluded that their suspension greatly enhances the thermal properties of the fluid. Choi et al. [6] proposed the term 'nanofluid' for this new class of fluids containing suspended nanometre sized particles in the base fluid. Buongiorno [4] performed a detailed study of the mechanisms responsible for convective transport in nanofluids, concluding that seven slip mechanisms are responsible for intensifying the heat transfer. The above study considered the two component nanofluid model, taking into account the percentage of volume of nanoparticle diffused in base fluid.Kuznetsov and Nield [19] extended this model for convective boundary conditions considering that nanoparticle concentration is passively controlled. The important engineering applications concerning the fluid flow on top of a nonlinear stretching sheet are found in the field of metallurgical and chemical engineering, particularly in the process that involve drawing a continuous strip or filament through an inert fluid and reconstituting it as finished component. The desired strength and stiffness of components is achieved by controlling the rate of stretching and time rate cooling of the fluid along the sheet. The first study of boundary layer flow of fluid on top of a stretching sheet was done by Sakiadis [28] . He studied the flow for the linear stretching sheet moving with a constant velocity. Crane [9] made an extension to the problem by considering a sheet moving with velocity which is in proportion to distance from the slit. The above studies drew considerable attention from researchers and paved way for studies involving study of flow and heat transfer of fluids on top of a stretching surface [2] , [19] , [21] . All the above mentioned studies were conducted by considering either a linearly stretching sheet problem or a constant value for the velocity wall. Depending upon the characteristics of the final product, linear stretching might not be a feasible option. The viscous boundary layer flow atop a non-linear stretching sheet was investigated by Vajravelu [29] . He used the fourth order RungeKutta integration to solve the system of equation. Cortell [8] presented an analysis for fluid flow atop a permeable surface which is moving with velocity u w (x) = x 1/3 . He considered constant-surface-temperature (CST) and prescribed-surfacetemperature (PST) boundary condition on the sheet. Kumaran and Ramaniah [18] studied flow over a stretching sheet which is moving with velocity having a quadratic expression subject to linear mass flux boundary condition. Kechil and Hashim [15] derived the series solution for MHD flow atop a non linear stretching sheet in existence of chemical reaction using Adomian decomposition method. Hamad et. al. [13] derived the similarity solution for nanofluid flow atop a nonlinear stretching sheet considering the two phase model foe nanofluid. Ziabakhsh et al. [30] provided the analytical solution for diffusion of chemically reactive species over a non-linear stretching sheet embedded in porous medium. Narayana and Sibanda [23] investigated a parametric study of laminar flow atop an unsteady stretching sheet using the EMT (effective medium theory) model of nanofluids. Goyal and Bhargava [12] investigated the diffusive-thermo and thermo-diffusive effects of nanofluid flow atop a power law stretching sheet. In various real life industrial processes, the system has a number of components whose concentrations vary with respect to time. As the system tends to achieve homogeneity, the components from area of higher concentration move to area of lower concentration such that the concentration difference is minimized. This results in an energy flux being created by both temperature gradient as well as composition gradient. Thermo-diffusion effect or Soret effect is the mass flux created because of temperature gradient. Diffusio-thermo effect or Dufour effect is the energy flux created by the composition gradient. Pop and Ingham [26] presented a detailed review about the boundary layer heat transfer research identifying the possible difficulties and future requirements to be. Khan et al. [17] studied the effect of thermo slip and hydrodynamic slip boundary conditions on free convective nanofluid fluid along a vertical plate.
The heat and mass transfer properties of the nanofluid can be controlled by regulating the amount and type of nanoparticles and base fluid being used. Magnetohydrodynamics (MHD) effects also play and influential role in controlling the rate of cooling as well as segregation of molten metals from various non−metallic impurities. As the name suggests, MHD effects refer to the movement of object (dynamics) by magnetic force (magneto) inside water or fluid (hydro).The presence of external magentic field gives rise to Lorentz drag force which acts on the fluid, thereby potentially altering the fluid flow characteristics such as velocity, temperature and concentration. The increasing need of innovation for better design of products in various metallurgical and polymer extrusion processes has led to an interest in study of MHD flow over a moving plate [24] , [25] . This type of flow finds application in glass fiber drawing and paper production, chilling of metallic sheetsand electronic chips, heat-treated materials traveling in between a feed roll and a wind-up roll, crystal growing etc. Chiam [5] investigated the boundary layer flow over a plate moving with powerlaw velocity under the influence of external transverse magnetic field, deriving an explicit expression for skin friction coefficient followed by a numerical solution using a shooting method. The influence of Soret and Dufour diffusion on laminar MHD mixed convection boundary layer flow along a vertical stretching surface was studied by Beg et al. [3] . Dandapat et. al. [10] considered the stretching velocity and temperature distribution in general functional forms while studying the flow of a fine liquid film along a horizontal stretching surface under transverse magnetic field; concluding that magnetic field resists thinning of the film. Martin et. al. [22] studied the mixed convection magneto hydrodynamic nanofluid flow under the effect of viscous dissipation and variable external magnetic field along a sheet being stretched with power law velocity. Recently, Awad et al. [1] investigated numerically the thermodiffusion effects on magneto-nanofluid fluid over a stretching sheet. The present work extends the study of Goyal and Bhargava [12] with modification of Buongiorno's nanofluid model for the case of binary nanofluid. The nanofluid contains solute particles, thereby enabling cross diffusion to occur. Variable magnetic field is considered int he problem. This problem studies the triple diffusion (Brownian motion diffusion, Thermophoresis and Diffusiophoresis). Finite Element Method is used to obtain numerical solution for the problem and regression analysis is conducted to verify the relationship among parameters. The effects of restraining parameters on heat and mass transfer rate has been demonstrated both graphically and in tabular form.
Problem Description & Mathematical Development
A steady state two-dimensional natural convection boundary layer flow of Al 2 O 3 -water nanofluid along a nonlinear stretching sheet is considered. The sheet is saturated in a binary fluid medium which has dissolved solute particles and dispersed nanoparticles. The sheet coincides with the plane y = 0. It is being stretched in xdirection with velocity U = u w = ax m . The external forces (gravity) and pressure gradient are neglected. The temperature of the fluid T bf is assumed to be much larger than the ambient temperature T ∞ . For incompressible fluid flow, with boundary layer approximation, the mathematical equations as derived by Buongiorno [4] and Khan et. al. [16] illustrating conservation of mass, momentum, temperature, solutal concentration and nanoparticle concentration respectively is as follows
The boundary conditions are as follows
The last term of left hand side of equation (2) represents the magnetic flux. The functional expression for magnetic field is given by
. The new set of dimensionless parameters defined to transform Equations (1-5) and (6), (7) into a set of non dimensional equations are:
The continuity equation is compulsorily satisfied. The transformed momentum, energy and concentration equations are thus formulated as follows
The corresponding boundary conditions are transformed to,
where primes denote differentiation with respect to η. The value of Bi is assumed to be 0.01 throughout the paper unless mentioned otherwise. The parameters appearing in equations are defined as follows:
The variables of significant practical interest in this study are the Nusselt number, the Sherwood number and the nanofluid Sherwood number, defined as
where q w , q m and q np represent the heat flux, regular mass flux and nano mass flux at the sheet surface respectively. They are given by the following expressions
Reduced expression for Nusselt number, Sherwood number and nanofluid Sherwood number is expressed as
Re x is the local Reynolds number whose value is based on the velocity u w (x) with which the sheet is being stretched. The reduced Nusselt number proportional to −θ ′ (0) gauges the effect of heat transfer in the system. Similarly, reduced Sherwood number proportional to −γ ′ (0) and reduced nanofluid Sherwood number proportional to −f ′ (0) are used to gauge the effect of solutal mass transfer and nanoparticle mass transfer respectively.
Numerical Implementation and Post Processing
Finite Element Method The Galerkin Finite Element Method (GFEM) is a numerical method highly efficient in providing approximate solutions to system of partial differential equations, which form the governing equations for various practical engineering problems arising in different areas such as, fluid mechanics [27] , rigid body dynamics [11] , chemical processing [20] , solid mechanics [14] etc. It is one of the most powerful method in context of its implementation to real-world problems involving complex geometry and/or complicated boundary conditions. As the name suggests, the basic concept lies in dividing the whole domain into smaller elements of finite dimensions. The given domain is broken down into a number of subdomains, and over every subdomain, the approximate solution of governing equation is estimated by any of the conventional variational methods. Finding approximate solution on the subdomains helps in representing a complex function as an assemblage of simple polynomials. The essential fact to be taken care of is to presume the piecewise continuity of the function for acquiring the solution. We have a set of partial differential equations, given in (9-12), with (13) representing the boundary conditions. To compute the solution of these equations, presume that
After substituting this, the system of equations (9-12) reduces to
and the corresponding boundary conditions are as follows:
The weighted residual formulation of the given differential equations over the typical linear element denoted by Ω e having coordinates (η e , η e+1 ), is given by 
In our calculations, the shape functions for a typical element are taken as quadratic element. The finite element model thus formulated is as follows
, (m, n) = 1, 2, 3, 4, 5 are determined as:
where
Relating the element nodes to global nodes, an interelement continuity equation is identified for primary variables. The global stiffness matrix is formulated. The Dirichlet boundary conditions and Neumann boundary conditions are imposed. To ensure that the solution is grid independent, an extensive grid independence test is conducted. It helps in suitably guessing the value of η ∞ for given boundary value problem. The series of values for | − θ ′ (0)|, | − γ ′ (0)| and | − f ′ (0)| with different values of η ∞ and step sizes h (from 0.2 to 0.0001) are computed so as to determine the value of η ∞ for which results are independent of length of domain ( Table 1) . The domain area for integration η is considered from 0 to η ∞ = 10. η ∞ corresponds to η → ∞ which lies well outside the boundary layer. From Table 1 , observing the sensitivity of solution to grid compactness, it can be noted that for same domain the accuracy is not impacted even if size of elements is decreased or number of elements is increased. Increasing number of elements or decreasing the size of elements only increases compilation time and does not enhance the accuracy of solutions. The entire flow domain is divided into a set of 5000 quadratic elements of equal length. The quadratic element is three noded and hence, total number of nodes in domain are 10,001. A system of 50,005 nonlinear equations is obtained. An iterative scheme must be used to solve the system of equations and hence, in the present study, Gauss elimination method is employed. Accuracy of 0.5 × 10 −4 is maintained. Gaussian quadrature method is used to solve the integrations. The relative difference between the current and present iterations is used as the convergence criterion. MATLAB is used to execute the code of the algorithm. with default values for P r and Ln being 2 and 10 respectively. The simple linear regression formula is sufficient for most practical purposes but for high accuracy, quadratic regression analysis has also been performed. The regression estimations can be written as: Linear regression estimation:
Multiple Regression Estimation (MRE)
Quadratic regression estimation:
where C M , C L , C b , C t , C MM , C LL , C bb , C tt , C Mm , C Mt , C bL and C bt are coefficient of Nusselt number estimations and 
For P r = 2 and Ln = 10, the quadratic estimates are:
Code validation
The numerical procedure used in the problem is validated by using a test case. The mathematical value of magnetic parameter is considered to be zero. The temperature, the nanoparticle concentration and solute concentration are assumed to have a constant value at the boundary. The boundary conditions considered at y = 0 are as follows:
Reduced Nusselt number N ur is calculated and the results obtained from present code are found to be in excellent agreement with the results of Goyal and Bhargava [12] (Table 2 ).
Results and Discussions
To study the behaviour of the system, numeric computations has been conducted by varying the values of different controlling parameters that describe flow characteristics. The results are presented both in tabular form and graphically. The profiles of all the functions -velocity (s ′ (η)), temperature (θ(η)), nanoparticle concentration (f (η)) and solutal concentration (γ(η))decrease monotonically with an increase in η. As η → ∞, the value of the functions approaches to zero asymptotically. Figure 1 presents the behaviour of nanofluid velocity for magnetic parameter M . An intensification in the value of M causes the value of nanofluid velocity to decline. This is because an increase in M leads to an increase in Lorentz drag force which resists the motion of nanofluid. The magnetic parameter can thus, be used to control the velocity of nanofluid flow over the sheet. . An increase in temperature will cause the difference in subsequent temperatures to decrease, thus decreasing the value of N ur. Similar argument can be provided for Shr and Shrn. An amplification in values of Prandtl number P r causes a drop in heat transfer rate and a growth in mass transfer rates. An increase in Lewis number also depicts the same trend as Prandtl number. Lewis number is the fraction of thermal diffusivity over mass diffusivity. An increase in Lewis number causes weakening of mass diffusivity and strengthening of thermal diffusivity. With the lowering of mass diffusivity, the concentration of both solute and nanoparticles increase on the boundary layer thereby increasing the value of Shr and Shrn. Similar argument can be provided for N ur. The random motion of particles inside a medium is termed as Brownian motion. As name suggests, the value of Brownian motion parameter, N b describes the intensity of randomness of particles in medium. Fig. 5a shows the effect of arbitrary motion of particles along with the magnetic parameter on heat transfer rate N ur. With an increase in N b, the thermal boundary layer thickens as motion of nanoparticles intensifies. An increase in M leads to increase in Lorentz drag force opposing the motion of the fluid. The combined influence of increase of both the parameters is that the temperature increases, thus reducing the effective heat transfer. Fig. 5b and Fig. 5c shows the effect of Brownian motion along with the magnetic parameter on regular and nano mass transfer rate respectively. An increase in N b causes an augmentation in arbitrary movement of particles. This causes the warming of the boundary layer which effectively causes the nanoparticles to move away from the wall of the sheet inside the inactive fluid. This increases the deposition of the particles away from the sheet, thereby justifying for the reduced concentration magnitudes (φ(η) and f (η)) and an increase in the value of regular mass transfer rate Shr and nano mass transfer rate Shrn. The dissemination of particles as a consequence of temperature gradient is termed as thermophoresis. The thermophoresis parameter N t is used to gauge this effect. Fig.  6a shows the effect of thermophoresis parameter along with the magnetic parameter on heat transfer rate N ur. The temperature gradient generates a thermophoretic force, causing the flow direction to move away from the stretching surface. Thus, more and more fluid is heated away from the surface and hence, an increase in N t results in increasing the temperature within the boundary layer. An increase in magnetic parameter M causes an increase in Lorentz drag force opposing the fluid motion. The simultaneous increase of both N t and M causes the heat transfer to increase and as a consequence the value of heat transfer rate N ur falls down. The thermophoretic effect N t on regular and nano mass transfer rate can be observed in Fig. 6b and 6c . It is quite evident that an escalation in thermophoretic effect N t will correspond to increased mass flux (because of temperature gradient) causing an appreciable increase in the concentration. A decrease in magnetic parameter M supports the fluid flow motion because of the decrease in Lorentz drag force, causing an increase in mass flux. Fig. 7a, 7b and 7c shows the effect of magnetic parameter M on the reduced Nusselt number N ur, reduced local Sherwood number Shr and reduced nanoparticle Sherwood number Shrn as the nonlinear stretching parameter m increases. As the value of magnetic parameter M increases due to intensification of magnetic fiend, the heat transfer rate and regular and nanomass transfer rate decreases. For M = 0, there is a sudden decrease in the value of the N ur, Shr and Shrn for m < 0.5. For other values of m, the decrease is very gradual. The velocity of the stretching of the sheet has negligible effect on heat and mass transfer rates. By controlling the values of parameters discussed above and choosing an appropriate nanofluid depending on application cooling in the process of extrusion can be affectively achieved. The final thickness of the product and the finish of the product can be enhanced with the knowledge of behavior of concentration profiles along the boundary layer.
Conclusion
The present paper provides an analysis and explanation of behaviour of boundary layer flow of nanofluid atop a stretching sheet moving with non-linear velocity. Two component model of nanofluid incorporating the effects of thermophoresis, diffusiophoresis and Brownian motion along with application of external variable magnetic field is considered for the study. Finite Element Method is employed to numerically compute the results. Regression analysis of the variables is done to establish and verify the relationship among parameters and rates of transfer. The results concluded from the study are as follows: 1. Amplifying the value of the magnetic parameter M contracts the momentum boundary layer and expands the thermal, solutal and nano-mass volume fraction boundary layer. An external magnetic fluid gives rise to magnetic body force (Lorentz drag force) retarding the fluid motion. By adjusting the external magnetic field, the heat transfer can be controlled. Widespread growth in the field of 'smart' cooling devices is based on this idea. 2. Strengthening the values of the Brownian motion parameter N b and thermophoresis parameter N t, the local heat transfer rate and local solutal and nano mass concentration reduces for a rise in the value of magnetic parameter M . As different combinations of nanoparticles and base fluids have different values for these parameters (i.e. N b and N t), thus having different heat and mass transfer rates. This idea can be used in customizing both the heat and mass transfer rates for various industrial processes involving the stretching sheet (Extrusion of metal sheets, manufacture of tetrapacks etc.). 3. With an increase in nanofluid Lewis number Ln, heat transfer rate decreases while the regular and nano fluid and mass transfer rate increases. Ln is used to distinguish fluid flow when heat and mass transfer happens simultaneously. With an increase in Ln, the diffusion because of Brownian motion decreases, hence forcing the concentration to reduce. 4. The magnitude of heat, regular and nano mass transfer rates declines with an increase in the magnetic parameter M because of intensified Lorentz drag force.
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